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A procedure for control with a guide (1 —3], yielding a solution, stable with
respect to small data disturbances, of game problems of dynamics is proposed
for a class, more general in comparison with [1 —3], of conflict-controlled
systemns, i.e., systems requiring uniqueness of the program motions and their
uniform boundedness, The terminology and notation follow [2].

1. Let the conflict-controlled system
r=f( z,uv), uceP, veQ, z({)=72 (1.1)

(to <Xt <C ¥,z isthe n-dimensional phase vector, u and v are, respectively,
the controls of the first and second players, P and () are compacta in finite-dimen-
sional Euclidean spaces, f is a continuous function) satisfy the conditions:

a) the program motion I (f, Lo, Ty, M¢))s 1t <O t << U, exists and is unique
for any initial position {to, Z4} and any program control 7(.);

b) the set of all program motions from positions {fo. Z.}, [ zs | << K (] - ||
is the Euclidean norm), is uniformly bounded for any K > 0.

Let closed sets M, N ( R™?' be given(lateron M® and N:* denote the

e -neighborhood of sets {z | {¢{, z} & M} and {z|{¢, =} & N}, respectively)
and let the first player be faced with the problem of the encounter of system (1. 1)
with M inside N before the instant &, The first player has the following data cap-
acity, At each current instant ¢ the first player measures the phase state z (f) of
system (1, 1), but not exactly: The measurement's outcome (signal) y (¢) is related
to z () by |z () —y ()| <y . Inaddition, in parallel with the motion of
system (1, 1) the first player works out and exactly measures the motion of the control
system, viz,, the guide

w' = f (¢, w, u*, v¥) (1.2)
z. =f(t1 y’ u*’ v*) (1'3)
wre P, v*EQ, ys R
The choice of the initial state of system (1, 2) —(1,3) also is at the first player's dis-
posal, The first player's control procedure for system (1, 1) within the framework of
this data capacity is called the (first player's) procedure of control with a guide.

Let us consider the case when mixed controls, viz,, probability (Borei, regular)
measures p on P, are admissible as the first player's controls, The control proce-
dure S* corresponding to this case is called a procedure of control with a guide in
mixed controls and is specified by the set

p* = (W*, u° (du|t, y, 3), v* (dv]i, y, 2), W™ (du [ w,, By, t*) (1.9)
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in brief notation S* —+p*, Here W¥*isa closed @ -stable (relative to M )bridge
contained in N and terminating on M by the instant ®; p° (du|t, y, z) and

v* (dv|t, y, z) are, respectively, the mixed controls of the first and second play-
ers, such that

maxSS(y—-z)f(t ¥, 1, ) p°(du|t,y, 2) v (dv) =

ve{v} p

oo max S S (U — 2 £t 210, v) p (du) v (dv)

min J‘j‘(y—-z) f(ty,u, vyp(du)v*(dv|t,y,z) =

ne{n} p

max min S f (¥ —2) f(t,y,u,v)p(du) v (dv)

vE(V) nEul p g

we* (du | wy, ty, t*, v) is the first player's mixed control, measurable in' £ , with
the following property: for any {¢,, w,} & W*, t* > t,, and mixed control v*
of the second player the solution w (¢) of the differential equation

= S S f &, w, u, V) pe* (du | wy, Ly, ¥, ¥v¥) v* (dV)
P Q
w (ty) = wy

satisfies the condition {t, w ()} & W*, 1, <t t*, if T = {t € l¢,, t*]
| {r, w (v)} & M} is empty and the condition {t, w (£)} & W*, t, < t <
min T otherwise; we note that the existence of p,* (du | w,, t,, t*, v) follows
from the properties of W¥*,
A motion corresponding to the control-with-guide procedure in mixed controls
S* —+p*(L.4), to the partitioning

A={ty=1<... <1, =198} (1.5)
of interval [¢y, ®] and to data disturbance of magnitude ¥ => O is the name given to
every absolutely continuous function (z (2), w (t), z (2)), to <\ ¢ <9, satisfying the
equalities

z (to) = xo, W (L) = z (fo) = Wy

where w, is the point from Wi,* = {w | {0, W} & W*} closest to y (o), || y(to)—
Zo || <X ¥, and defined on the intervals [t;, 1:41), { = 0, . . ., m — 1, by the cond-
ition: (z (), w (2), 2 (?)), Ti <X t < Ty 18 @ solution of the differential equation

}S '§) f &z, u, vy ui° (du) v; (dv)
w = [ 10w, ) i (@) ve* (@)
V4

1 (

%"UL’?*U

Q
l f (o y (T0), wy V) pag™ (du) vi* (dv)
) =p ([du| T, y(v), z(1;))
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vi* (dv) = v* (dv |7, y (), 2 (1))

ly@@) —z(w)<v
ui* (du) = w,* (du | w(T5), Ty Tisn, Vi¥)
v; is some second player's mixed control measurable in Z , The parameters y (1;),
n° (du) and (p;* (du), v;* (dv)) mean, respectively: the signal on the state z (7;)
of system (1. 1), the mixed control constructed by the first player on the basis of data
(vi, ¥ (v3), 2 (T5)) and applied by him to system (1, 1) on the interval (v, i)
and the mixed control produced by the first player on the basis of data (T;, Ti1,¥ (%)),
w (7;), z (t;)) and fed into system (1,3) —(1,4) (whose motion is determined further
by the control y (t;), viz., the value of the observed signal) on the interval [T;,Tj1);
v: is the realization of the second player's mixed control under the motion of syst-
em (1.1).

Theoreml.,1. Let W*be a closed @ -stable bridge contained in N  and
terminating on M by the instant ¥ and let {t,, zo} & W*. Then for any € > 0
we can find § >> O such that every motion (z @, w),z(@®), o<t < #, corres-
ponding to the control-with-guide procedure in mixed controls §*--p* of (1.4), to part-
itioning (1. 5) of diameter

d(A)=max {tin—1;|i=0, ..., m—1} <8
and to data disturbance of magnitude y << 8, satisfies the condition
T ENS, LSI|TY, z(v)eE Me

As in [1 —3), the theorem's proof follows from the fact that for small d'(A) and
v the mismatch between motion x () and motion w (#) (which by the construct-
ion of controls p;* (du) flows along bridge W* up to the instant of hitting onto M)
is small, This fact, in its own turn, follows from the proximity, for small d (A) and

v » of motions z (f) and z (¢) (ensured by the choice of controls p;° (du) and
v;* (dv)) on the basis of the following lemma.

Lemmal,l, Forany € >0 we canfind § > 0 such that for any program
controls 7(.)” and 1.)" and any measurable 7 -dimensional vector-valued function
Y0, th<t<® thesolution (z (), w(f), z (1), fo<< t< B, of the diff-
erential equation

= S (¢, z,u, v)n (du, dv)

PxQ

w = s‘ f(t‘1 w, u, U) ']g” (du, dU)
PxQ

= § 1¢.y© uv)n’ (du, dv)
PxQ

z (L) = zo, w(to) = 2z (L) = Wo

satisfies the condition

[z@—-—w@®l<e, LSISO
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if only
fao —wy || <8

lg@—2@®<b; Jrz@®) —z@ <8, t<t<H

{The lemma follows from properties a) and b) of system (1, 1) and from the weak closed-
ness and compaciness of the set of all program controls).

Notel,l, Resultssimilar to thosein{3, 4] hold for stochastic control-with-guide
procedures constructed on the basis of control procedure S* - p* of (1. 4) (see [3,4].

2. Now suppose that the admissible values of the first player's controls are only
pure controls, i.e,, elements of P . In this case, depending on whether or not the
condition

min maxs’f (¢, z, 4, v) = max minsf (¢, z,u, v), £ < [{o, ¥, 2,5 R™ (2.1
ue=P vexQ v=Q usP

on the saddle point in a small game is fulfilled, we use, respectively, a control proce-
dure in pure controls and a minimax control-with-guide procedure,

We say that the program control 1), is consistent with a Borel function v (&) with
values in Q if we can find the first player's ¢ -measurable mixed control p; (dw)
such that the equality

U g, o) m (du, dv) = § g (w0 () e (du)
PxQ P

is fulfilled for any continuous scalar function g (u, v) for almost all ¢ & [t,, 91,

The control-with-guide procedure in pure controls § (the minimax controbaith -guide
procedure in controls S ) is specified by the set

p= (W, u(t, y, z), v* (¢, ¥, 2), W* (du|w,, t,, t*, v) (2.2)

(r = Wy, u*(t, y, 2), V* (1, y, 2, 0), ™ (du, dofwy, 6, 05,000) o o)

in brief notation S =~ p (S, = py). Here W (W,) isaclosed u -stable (1,

-stable) bridge contained in N and terminating on M by the instant &; u° (¢, y, z)
& P and v* (¢, y, 2) &= Q (v* (¢, y, 2, u) &0Q) are such that

max (y —z) f(t,y, 0 (¢, 9, 2), v) = minmax (y —z) f (¢, ¥, &, v)
vEQ

usEP uEQ

min (y — z) f{t, y, u, v* (¢, ¥, 2)) = max min {y — )" f (¢, y, 1w, v)
uesP 1=Q uesP

((y — 5)’f t Yy u,v*(t Y, 2, u)) = r;leag (y—23) ft,y, u,v)

where the function v* (¢, y, 2, u) is a Borel function in u )iu* (du | w,, ., t%,
V) is a measurable control (n,* (du, dv|w,, t,, t*, v (-)) isa control from
the weak closure of the set of all program controls consistent with the Borel function
v (-) = v (u) with the following property: for any {t,, w,} & W ({tx, v} E
W), any t* > t, and any v* & Q (any Borel function v* (1) with values in
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Q ) the solution w (2) of the differential equation

w = S]‘(t, W, U, UF) Py * (du | wy, £y, £, 0¥F)
P

@ = [ 7t w,u,v)n* (@, dvlwy, by, 1%,0% ()
PxQ

wty) = Wy

satisfies the condition {{, w ()} = W ({t, w ()} & W), t, <t < t*, ifthe
set T = {velt,, t*1|{r, w(r)} & M} isempty and the condition {f, w (?)}
e W{t wit) s W,), t, <t<min T, otherwise; we note that the existence
of w* (du|w,, t,, t* v) (n* (du, dv|w,, ty, t*, v(-))) follows from
the properties of W (W) .

A motion corresponding to the control-with~guide procedure in pure strategies
S -+ p of (2.2) (to the minimax procedure in controls S, —- p, of (2. 3)), to partit-
ioning (1. 5) of interval [f5, ®] and to data disturbance of magnitude y > 0 is the
name given to every absolutely continuous function (z (¢), w (¢), 1z (1)), ¢ <
t < O,which satisfies the equalities

xz (to) = &, W (to) = Z (to) = Wy
where w, is the point from W,, = {w| {fs, w} & W} (from W, = {w| {t,
wy & Wi}, |y (1) — zo || < v, and which is defined on the intervals{v;,v1),

i=0,... m— 1 bythe condition: {z (¥), w (?), z (£)),%: << t < Tiu1
is a solution of the differential equation

= f(t z u’, v(t)

w = Sf(t, w, u, U*) pyy™* (du)
P

5= Igf(t, Y (T5)s u, %) Py ™* (du)

=]

u® = u’ (v, y(v), z2(1t)), v*=v*(v, y(v), z(1),
ly()—z(@) <y
pu* (du) = p* (du|w (v3), 75 T, v:%)

v (t) issome second player's { -measurable control
(= =71, =, u;’, v (1)

w o= 5 f @, w, u, v) n,* (du, dv)
PXQ

= § 1 y@E)uwv)m*@du, d)
PxQ

ul =u (v, y(u), 2 (vy)), ly@) —z@@)II<y
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Ne* (du, dv) = n,* (du, dv fw(ty), T T, vi* (4))
* (u) = p¥* (ria y (Ti)’ 2 (Ti)» u’)

v (£) is some second player's ! -measurable control), The following statements are
valid.

Theorem 2, 1. Letcondition (2. 1) be fulfilled, W be a closed 1 -stable
bridge contained in N and terminating on M by the instant € and {Z, 2o} = W.
Then for any & > 0 we can find 8 >> 0 such that every motion (z (¢), w (¢), z (2)),

to { ¢ < #, corresponding to the control-with-guide procedure in pure controls
S -+~ p of (2.2), to partitioning (1, 5) of diameter d (/\) << § and to data distur-
bance of magnitude y <C §, satisfies the condition

e Ng, Lh<ISKTSY z(yeE M:® (2.4)

Theorem 2. 2, Let Wybe aclosed u, -stable bridge contained in N
and terminating on M by the instant & and {fy, Zo} & W,. Then for any ¢ >0
we can find 8 2> 0 such that every motion (z (£), w (2), z (2), to << ¢ < O, corres-
ponding to the minimax control-with-guide procedure in controls S ~~ Py 0f1(2,3),
to partitioning (1,5) of diameter d (A) << 8 and to data disturbance of magnitude
vy < 8, satisfies condition (2. 4),

Note 2, 1. Results analogous to those presented are valid for the second player's
evasion problem (opposite to the encounter problem considered).

The author thanks N, N, Krasovskii, Iu, S. Osipov and A, 1. Subbotin for discuss-
ion on the paper and for valuable advice.
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